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CURRENT TO A MOVING CYLINDRICAL
ELECTROSTATIC PROBE
W. R. Hoegy
L. E. Wharton*
ABSTRACT
The current collection characteristics of a moving cylindrical Langmuir
probe are evaluated for a range of probe speeds and potentials which are appli-
cable to earth and planetary measurements. The current expressions derived
include the cases of the general accelerated current, sheath area limited current,
orbital motion limited current, and retarded current. For the orbital motion
limited current, a simple algebric expression is obtained which includes and
generalizes the Mott-Smith and Langmuir expressions for both a stationary
probe and a rapidly moving probe. For a rapidly moving probe a single formula
adequately represents both the accelerated and the retarded current.
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INTRODUCTIONi
Cylindrical electrostatic probes have been widely employed on rockets and
satellites for charged particle temperature and density measurements.', 2 In
the future those devices may be used on planetary missions. A common fbature 1
of the planetary and earth electrostatic probes is the rapid vehicle velocity'
relative to the particle thermal velocity. The ratio of probe speed to thermal
fE	
^
speed is denoted as the speed ratio. Typical speed ratios for 1000 0 K ions in the
mass range 1 to 28 lie between 2 and 10.4 for a probe speed of 8km/sec (earth
orbit) and between 12 and 65 for a probe speed of 50 km/sec (Jupiter entry probe).
	 r
Speed ratios for 1000°K electrons vary from .046 to .29 for probe speeds between
	 1
	
I	 8 km/sec and 50 km/sec.	 ({c^
Mott-Smith and Langmuir 3 derived two separate cylinder current expressions,
	
1	 >
	Al"	 one for a stationary probe and the other for a rapidly moving probe. Kanal a derived
some integral formulas valid for arbitrary probe speed and from them, power series
expressions which are valid only for small speed ratios. Bettinger s, pointed out	 °
the need to develop a current expression which fills the void between the formulas
for the stationary and the rapidly moving probes. In this paper we derive cylinder
probe current expressions which are valid for a wide range of speed ratios and
	 r	 I
potentials. The current expressions are presented in a form which allow easy
and rapid numerical evaluation,
_	 y
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I
BASIC CURRENT EXPRESSIONS
We °review briefly the derivation of the integral expression for the current
to a moving cylindrical probe. All current formulas are Normalized with respect
to the random probe current and are denoted I,
1	 random'
where i is the actual current, and the random probe current is given by:	 a
k T_
irandom A N q 
2 m	
(2)
^r
where A is the probe area, N, q, T, and m are respectively the particle density,
	 -
charge, temperature, and mass.
The probe is assumed to behave as an idealized cylindrical Langmuir probe
with a coaxial sheath of charged particles which is unperturbed by the relative 	 r
probe-plasma drift motion. It'is interesting to point out that the current
1-
r
expressions derived here are correct in the limit of high drift velocity - this
is probably related to the fact that most of the particles collected by the probe
	
,.
came from the undistrubed portion of the sheath in the bow region. The probe
is either guarded or is long enough so that end effects can be neglected. We
also assume that no collisions take place within the sheath, and that outside the
sheath the particles are not influenced by the presence of the probe. Particles
which reach the collector surface are assumed to be collected. ' Under these
conditions, the cylinder probe current is given by:
F
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f	 f d c c o n f (C),
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where a is the sheath radius, r the probe radius, n a unit normal vector on the
Y . sheath edge, a the azimuthal angle specifying the location of an area element of
the cylindrical sheath, and f(c) is the Maxwell-Boltzmann distribution function in If
a frame fixed on the probe
2
f	 c	 -3/2 e	 (4)
TP I where 'c ands are respectively the particle and drift velocities -normalized by
the most probable particle velocity
m	 m	
(5)c	 v	 S	 W
PkV	 ^k: :T
The domain of integratton in Eq. (3) is determined from the condition that the
particles reach the probe surface using the conservation of energy and angular
momentum.	 In terms of the velocity components c z, C t , C n , respectively along
the probe axis, tangent to the probe axis and the area element at a, and normal
to the area element at a, the velocity limits are:
A
CO < C'Z < CO
C2
	
V 1/2	
c	 V2	
1/2
nfor retarded
	 ct <	 (6a)
)
particles	 a,	 1
r2 _	 2
Y'V < c" < C,
3
90 C c x < OD
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2 +V	 22+ V
for accelerated	 (0b)
particles	 a2 1	 a2 
1
r2	 r2
Q<cn <a))
I
where V = eO/kT ( is the normalized across the sheath potential The Pour
dimensional integral is reduced to a single integral using the change of variable
cf _ cos IP, c t
 =esin0 and integration over a, c 2 , ands
Y ret "
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for accelerated particles. In formulas 7 and 8 s is the component of the speed
ratio in the plane perpendicular to the probe axis.
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Two approximations to the accelerating current are of general into, rest -
P
the sheath area limited current and the orbital motion limited current, The
current is approximated by the sheath area limited current when a/r is close
I
s	
to unity so that all particles entering the sheath are collected. The current is
G	 then independent of the across the sheath potential and depends only on s and a/r.
i
To obtain this current the velocity domain (Gb) is modified to allow all values
of the tangential velocity, 	 < ct <CO C
	
L,(j
	Ix 	
„ J s2 d ^ 
e_ ( o,2 + 02) IU t`2 d s ) ,	 (9)
Li;	 V	 0
The general accelerated current approaches the orbital motion limited
la
s a 1
	i	 current when the sheath is much larger than the probe radius. In this limit,
a/r	 , the current depends only can V and s:
co
I0m1 	
a	
e d 5µ	 e-(-''2+v) 10 (2 s"	 (10)
r-- fV 7t	 0
( 
The integral current expressions, Eqs. 7-10 are the starting point for the
derivation of power series representations for the current which are discussed
in the noxt section.
r	 MOVING CYLINDER CURRENT EQUATIONS
The current collection characteristics for the moving cylinder probe are
presented in various forms for a range of values of normalized potential V'
n
,
r
x ;^
I
i
a
^t
0and speed ratio s, The derivations azf.,1 aietails are 'found in the appendex
starting with Eqs. All - A1G.
Sheath Area Limited Current
The sheath area limited current can be expressed as a single confluent
hypergeometric function:
	
Rani r (— 2, 1; — s2) y
	 (11a)
where Oi.s defined by Eq. A8. An alternative form has been given by Heatley6
„a %.	 4
isnl = 
e' s 2/2 [( 1 + s 2 ) Io 1 
/S 2\ 
+ s 2 I, (SI )]
	
(11b)
For small values of the speed ratio, s, the power series repiresentation of ¢,
may be used to represent Ian, (Eq. A8). For lame s, the asymptotic form of q
(Eq. A17) gives the representations
a 2	 12)n
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Retarded Current
r,
The retarded current is initially given as a double series in V ands:
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Expressing the series in V as a confluent hypergeometric function and applying
11
kaKummer traneft,rmation (Eq. A21), we obtain the retarded current in the form #'
of an exponential in V (the retarded current for a stationary probe is e'y)
x multiplied by a power series in the speed ratio squared;
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a) (x) is the Loguerre polynomial. 	 quation 14 is applicable for smallwhere Ln	 E
values of s and arbitrary values of V. This representation of the ;retarded
current is particularly useful in describing the retarded electron current to
{
satellites and plash-.ary probes.
With the speed ratio, s, kept fined and small, the retarded, current decreases
exponentially with increasing potential V; howeveto when the speed ratio is allowed
}
Ito increase, with V kept large and fixed, the current Increases and loses its
exponential character. The behavior is illustrated in the formula of KA.nal which
may be obtained from Eq (14a) (see appendix Eq,s. A22-A24).,
mr `n+3
- cv+ 2 > T ` 2J
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 (2 s V-7) ^^	 (16)2)-
As s approaches v'V with V large, the modified Bessel function behaves
asymptotically € s
C2 $' /
so that the exponential behavior Is a ("3T-B) 2 _' I as	 /f.
Another representation for the retarded current (see Appendix Eq. A28-A29)
is
i	 n
g^)s a 4 s	 1	 i	 s ^2n- 3/2	 s
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s V-V large,	 s < /V-	 (16)
where (x) is a polynomial (Eqs. A28 & A29).
Note that because the potential, is retarding, the current is small but not
exponentially small as s 3V from below. There is an abrupt change in
behavior as the boundary s = VV is crossed, for s > V'V- the drift motion over-
whelms the retarding potential and the current becomes large as .s increases,
{
i
c
iAgain the exponential potential dependence Is masked by the high drift velocity.
The expression for VV- < s Is obtained by summing Eq. 13 over a.-
V)M
40 
M	 S2	 (17)
	
rot	 M	 2
The formulas for evaluating 0 are given in the appendix in E qs. A30. An
asymptotic form for a > 3Tj s large, Is (see Appendbx Eqs. A31-A34).-
2
M	
_1) 
C-
1} 	 p
2	 2	 1/2-2ns	 n	 i V	 P"rot
	
L	 n	 S2	 S2)
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whereP(x) is a polynomial of order n (Eqs. A33 and A34). Theasymptotic
n
behavior of the retarded current is:
2
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Orbital Motion Limited Current
The orbital motion limited currz:: +^ is given by the double, series (Eq. All,
12, 16):
	
S 2)n vm	
+	 V3/2 P (n + m +
IP	 10MI	
2)—
	
(19)
	
ss	
T n m	 Mnwo moo 	 2 r (n + 1))	 2	
(n + 1)
T	 5)
9
AThe formula suitable for small speed ratios is obtained by summ ing over
index ams
CO
Iomt = 
2	
n (s2)n ^ .	 .. 
	
• V ,	 (20)
3: -n"p
where tP is given by Eqs. A7 and A35. The first term in the speed ratio expansion
a^
(Eq. 20) is the classical orbital motion limited formula of Mott-Smith and
Langmueir. 3 'For large values of V, the asymptotic series (Eqs. A36-A41) is
appropriate;{
ro	 4 1/7'2	 .:
I	 2 —V+ $7	 1	 1+s	
m -S	 Ioml -	
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The first term is identical to the retarded current expression with V replaced
	 k
i
by -V. The evaluation of ¢5 (m - 1/2, 1 ; s 2) is given by Eq. A30 and (m * 1, I
+	 1 ; - s 2 ) by Eq..A.42. For small values of the speed ratio, s, the retarded current
and the orbital motion limited current are not identical under the transform.
V" - V. However for high s values, the second term in Eq. 22 decays rapidly
as a ° 2 and therefore i
s large	 Iomi (V) Iret (-V).	 (23)
Consequently the asymptotic orbital motion limited current for _s 2 > V is obtained
	 ^ s
from Eq. (18) with V	 V;
1	 _1
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n \ 2 ` 2^	 -2nI 2	 i	 )n	 n	 V
Iorol	
V E
	
1 + V Pn
S 2 	 n !	 (	 S2	 S2	 24nag
 ( 	 )
S2 > V
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In the appendix it is demonstrated that Eqs. (21) and (24) are term by term
identical (Eqs. A43-A45). Therefore these asymptotic expansions may both be
written as
A k	2
k^0(V + 52`k L	 V + S2	 `1 } S2
o
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Writing out the first few terms of Eq. 25 we have;
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I- =+ s2 1 + 4	 _-S 	 2 Vom v	 -37T	 V + Si V + S2 V + S2
1	 2
32	 S2	 8 V s2	 8 V2	 (26)
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:	 l	
'
To first order in V t S2 this form is identical with the expressions
Yom = 
2	
v + S 2 + I S2 + V	 (27)
2 V + g2 V S2
,S2 large or V largeQ
Formula (27) is the sought for generalization of the Mott-Smith and Langmuir	 q	 r
1	
-
approximations. For s = 0 we obtain the stationary probe current equation
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A
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zonta Eq. 27 (28)
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and for s 2 > V we obtain the formula:	 {
f
2 y s 2 
^2
	 (29)
	I 	 ^•
oml Eq. 27 —
II2>V
which generalizes the :Mott-Smith and Langmuir formula for high drift velocity
by including the random thermal motion in the term 1/2 (the Mott-Smith and
2(#L^Langmuir formula is -- V s?
► '7T
	General Accelerated Current 	 r"
{ The power series representation for the accelerated cylinder current is
obtained from Eqs A11-A13 but will not be written explicitly. For small values
of s, the integral representation is used directly to obtain the representation:
CD
	
s	
2-s^	 (s2)"	 (30)
	
Iace "	 e	 '^2 ^fn t g" ),(
	
4	
"= 0 R
	
l	
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4 where ;f " and g " are given in the appendix (Eqs. A46-A51). No attempt is made
to derive an asymptotic form from Eq. 30 for large V since the relation a r =
a/r (V) is unknown. For large values of the speed ratio, s, the accelerated
current reduces to the orbital motion limited current (see appendix Eqs. A52-
and A53):
r
13
s
rA
a
I' ,Yecc	 amt	 s large
Consequently the current to a rapidly moving cylinder probe is given by a single
formula Eq. 24 or Eq. 25 for both accelerated and retarded particles (with V
replaced by -V for retarded particles).
z
SUMMARY
i The extensive use of the cylindrical electrostatic probe for in situ measure-
ments of charged particles on roeltets and, eartlh sa*ell#tes and its proposed use
on planetary probes demonstrate the need. to understand the effect of the relative
probe to plasma drift velocity on the probe volt-ampere characteristics. To
this end we have derived a number of series representations for the current to
a moving cylinder probe starting from the four dimensional integral representa-
tions of the current. Four categories of current have been considered: general
accelerated current,, sheath area limited current, orbital motion limited current,
and retarded current. Power series in both s, the speed ratio, and V, the
normalized potential, have been given for all four cases. Simplified representa-
tions valid for small speed ratio s and arbitrary V s well as representations
valid for large s have been presented. These representations fill the gap between
the stationary and the rapidly moving probe theories of Mott-Smith and Langmuir.3
One of the more useful of these is the formula for the orbital motion limited
current:
14
(31)
t
E
I
F:
MI
w
f
_ 2	
V 2 s2	 (32)
zoml
7^
.V S
V + S2
u
r	 .^
	
h `.	 t
which is valid for V + s > 1, This formula, Eq. 32, can be used to evaluate,the
Y!
3t
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APPENDIX
Basic Power Series
	
0.i
	 We derive a power aeries r . ,,presentation for the cylinder probe current in
	
I	 powers of s2 and V from which asymptotic formulas valid for high s or V can
	
°f	 be obtained. The summation yields series in confluent hypergeometric functions. 	 t
The evaluation of the cylinder current as given by Bqs. 7-10 deduces to the
problem of performing the integral:
	
Y (q, r, s) 4	 x d x ^e (x'+ s2> T (2 x s)	 (Al)
	
/77 J 	 Q
6
The dependence of Z (q, r, s) on s 2 is simplified by performing a Laplace trans-
form in s 2;
CO
	I (q,' r, p) =	 d 0	
psz 
I (q, r, S)•	 (A2)	 .,
fo 	 a^
E
Using the Laplace transform of the modified Bessel function, we obtain
the result;
CO
1f	 d Z 2 r 1/2 e-P z/1+p	 (M)
	
(q , , p) =	
1 f A	
( + )
fq
q
o
17	 °
VO
a^
nThis is in the form of a integral representation of the confluent hypergeometric
function 7 , 0 (a, c, x). Therefore using the relation,
0 (a, c; z) zl-C 0 (a - c + I t
 2 - G z),
	
(M)
we find;
r
p
3/2 
q^'	 .. 2	 1	 -Pq/1{P
 (LP+—P)
1	 P (a+r) (M) t
To faciliate the separation of variables and taking the inverse Laplace
transform, we partition T into two parts:
I (q , r	 s) = I1 ( r , 5) + 1 2 (a, r,	 S)
(M)
1 (q, r, p) = I 1 (r, P) + 12 (a, r , p) ,
according to the relation between	 and
(fl, C; z) _' (1 -- cj
	 (a= c;	 z) +	 (e^^____: __i)	 z 1' c (a _ G,	 + 1, 2 - c; z) . )
q
P(a-c+1)
	 P(a)
m	 (a)n zn (A8)
(a : c; z)
j
The result of the partition is;
C2
18
4
ir
l	 /1 + p 3/2 	 (A9)
p) = p I ) e
1
	
A10	 }
2 (q.	 p) _ ..	 (fit q)3C2 e-Pg/ifr ,
+ p	
, n; p,_.r+q))(	 )
r'	
1 	 s	 C2l
r	 The inverse Laplace transform of I1 (r, p) is obtained by expanding it in a
double scrips in powers of r and 1/p and evaluating the residue at p == 4. 	 e
result is a power series in 87 and r:
t
	
CO	 CO	 (.. S7)n rm I" (n	 (+ m - (All)\ 
1x (r, s) :	 1
n•o mwo n 1 R1 t r' m ^ 2 
r (n + l)
Similarly '12 (q, r p) is expanded in a triple series in powers of (q + r), q: 
and
r
1/p. evaluation of the residue yields:
00
12 (qr 'r, S) c .- (r + q)"`/
	
2	 (^ )n (- q)m ( r + q)^ r' (11 + m +^ +1)(Al2)
T.n mr r'+2 T`(m+ +l)I"'(n+1)
ot	 _	 D
The four basic currents: accelerated, retarded, sheath area limited, and
,,	 a
orbital motion limited are combinations of I and 12;
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Asymptotic Formulas
The asymptotic series for the confluent hypergeometric function 95 are
derived from exact series representations
(a-c+1),, r (c)y (a+n, z)
n i r (c a) (' () zotn
n 0
a - c•negative integer
0
(1'" a)nr(c)y(c-a+n, z) el	 (A18)
(a, c, z ) =
L	 c-a+n
a ^•:negative integer
U	 _
20
k
r'
u.	 .
iY
t
t
The incomplete gamma function, y , may be written as
y (a, x) 07 1 xe ch (a, a + 1	 x).	 (A19)
For sufficiently large z, the following holds,
r (a) - , (a, z) - a-1 e* z .	 (A20)
The Kummer transforms. for 0 is
c; z)	 el	 (C ,a, G ; .. z),	 (A21)
Kanai Formula for Retarded Current
A
	
4	 To obtain the Kanal formula we begin with Eq. (14a), expand and sum the
series in s:
r-
tft
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`f	
!D44 2	 1
	Iret e-v^ kV.Sk
k 
 (k 2• k + 1; - s2J' 	
(A22)
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F	 ^
Using the Krummer transform we obtain.
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^i	
I	 = e-(Vts2)ret	 (V^S2)k 	 3, 	 + 1; S2-),
c^ k2^
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Finally we write out the series for and sum over index k:
°D	 2m,
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'(3)m
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Using the aessel funotion representation
x "'
IM (X)a	 0Cm+2,	 + ,	 )
We obtain the formula:
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1	 Pr at "	
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Using the asymptotic expansion of and summing over m, we obtain the result:
1
1
R
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z r e t '	 ,., a (w rV)	 .^.----- `2 !n 12 ^n------^^•	
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The hypergeometric funotion may be transformed to Cho form:
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2Fl	
^ _^ n x312	 1 
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s	 A28
_] _2y	 2^1	 n _ '	 n; 2	 ,	 (
where
	
is a polynomial ; n s/3V of order minimum of n + 1
R
20. The first three values area
^O (X) ter.	
G
1_8x,8x2
(A29)
! x) 1 8x+48x2+64x3,
22
an
	Evaluation of (m - 1/2t	 2)
These functions are defined by the first two along with the recursion relation:
2	 (S2)]
	
s2)	 e- /2	 + S2) 0 (S') + S2
T2	 2	 2
2	 S2e-P /2 1
2	 2	 0 ( 2 (A30) ri
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3 2)M +	 S2	 2 m	 s
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2M +	 S
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CZ
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)Cm
^- 2 , S2)j
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Asymptotic Form of Retarded current for s 2 >V
SubstitutJon of the asymptotic form for 	 in Eq. 17 yields;
CD	 to
S2)	 (	
M
—s2)
	 2 /n	
(M
	
—2)n (A3 1)
rot T E
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The sum over index m, yields the formula-,
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A polynomial representation it; obtained with the transforms
j
z i 
	 2, n 2	 2; x,	 (i x)1/2- 2n zFy (-n,	
2; x),(A33)
	F (n -	 - -	 -	 -	 - ,,^x	 J
where P„ (x) A (-n -n; -1/2; x) is a polynomial of order n. The first few
polynomials are:
PQ=1
Pl = 1 2 x
	
(A34)
P2 - _i; is x - &,x2.
Orbital Motion Limited Current for Small s
The confluent hypergeometric functions, (n - 1/2, -1 /2; V) are evaluated
from the first two and the recursion relation;
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An exact representation for allows us to write the asymptotic ,form of for
large V;
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k Consequently we have the asymptotic form;;
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Substitution into Eq. (20) yields
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When s 2 > V the iseries in n converges and may be Written as
of
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where 2 F,  has the representation
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where Q,,(x) = 2 F1 (-m, 3/2 m; 1; x) is a polynomial of order m. The first
three terms ara given as
QR = 1
(A41)QI 1 2
Q2'= 2+xX
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Evaluation of 4 (m + 1, 1; -s2)
Using Eq. A21 we find:
(m + 1, l; - s2 ) e-' 0 (_ m; 1; s2)
e7a L (0) (S2)M z
where L (O ^x) is the Lag^t rre polynomial.
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Using the relation:
7
z
i
	
then
f-
nU;
,t.
o
k
;qG
O o	 ".
^' c
q
i
Accelerated Current Functions
The functions f„ and g n used in the jpeed ratio eVansion for f'loc are given
by:~
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iForm of I QCC for Large s
From Eqs. A13 and A16 we note that
lc+cc ° I.m l 4 , algebri.c sum of three 12's	 (A52)
The asymptotic behavior of 12 (q, r, s) for s large and fixed q and r is obtained
by summing Eq. Al2 over index n:	 t
1 2 (q, r, s) a - (r + q)3/2 O (- q)m (r + q)^	 (m + t + 1, 1 _ s2), (A53)
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which decays exponentially for large s.
The hypergeometric functions in Eqs. A27, A32, and A39 were expressed
as polynomials using the theorem:
r,.
F(a, b; c; x) _ (1 Xy- a " b F(c .. a, c _ b c; x)
	
i	 An alternative method of evaluating; these functions is directly through their
recursion relations. The recursion relations may be obtained either from the
contiguous Function relations- or by the use of successive raising and/or lowering
operators. In the latter method, any two of the hypergeometric functions are
expressed as products of raising and lowering operators acting on the third
a,
29
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function. Derivatives of order two or more are written as derivatives of order 	 ^{
I and 4 using the differential equation. Finally the recurgiori relation is obtained
by eliminating the first derivative.' iftj thd^two resulting equations.
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